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Abstract 

This is a survey of our research on geometric structures of projective em- 
beddings and includes some topics of our talks in several symposia during 
1990-99. We clarify our main problem, which is to construct a kind of 
geometric composition series of projective embeddings. The concept of 
"geometric composition series" is an analogy in Algebraic Geometry with 
Jordan-Holder series in Group Theory. We present two of the candidates 
for the construction problem. To approach this problem, we show sev- 
eral results and new tools for handling higher obstructions appearing in 
infinitesimal liftings. As a byproduct of the tools, we obtain a simplified 
proof for a criterion on arithmetic normality described in terms of Differ- 
ential Geometry. 

Keywords: Petri's analysis, Second fundamental form, Syzygy, Arith- 
metic normality. Infinitesimal lifting. Geometric shell. Geometric compo- 
sition series, Lefschetz chain. Dual Lefschetz chain, Meta-Lefschetz oper- 
ator. 



§0 Introduction. 

In this article, we present several problems arising from our investigation dur- 
ing 1990-99 on geometric structures of projective embeddings (cf. for 
partial reports). When we use the technical term "geometric structure" of a pro- 
jective embedding, it is our concern to see what kinds of intermediate ambient 
varieties appear for the projective subvariety defined by the given embedding. 

To clarify this point more precisely, let us consider a connected complex 
projective manifold X of dimension n > and an embedding j : X '-^ P = 
W'^{<C). Then, by an elementary fact on polynomial rings, we see that for any 
integer q with n < q < N, there exists a projective subvariety W of dimension 
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q satisfying j{X) C T4^ C P. In this case, we say that the variety W is an 
intermediate ambient variety of the subvariety j{X). 

On the other hand, if we suppose an additional condition on W ^ e.g. a 
variety W to be smooth along j{X), namely j{X) C Reg{W), then we can not 
assure the existence of a variety W satisfying the condition. For example, taking 
a Horrocks-Mumford abelian surface A in P = P'*(C) as the subvariety j{X), 
then there is no hypersurface W with A C Reg{W), which is certified by the 
calculation of Pic(W). 

Thus we have special interest on the existence problem of intermediate am- 
bient varieties with some additional conditions which can characterize the em- 
bedding. Then, we face an important problem, namely what conditions should 
be posed as the additional conditions? One of the candidates for the condition 



is presented in Definition 1.2. By using the co ncep t "geometric shell", we can 
state our very optimistic Working Hypothesis 1.7, which claims the existence 
of a projective embedding with a good decomposition by geometric shells. We 
should make a remark that this working hypothesis arose from the strong in- 
fluence of the works done by Fujita, Mori, Mukai, and Sommese (e.g. ]T^ , 
[ p^ , [pO|). As an approach to this working hypothesis, we summarize in §2 
the results on Lefschetz operators and on meta-Lefschetz operators. We also 
present Conjecture 2.6 and clarify the relation with the former working hy- 
pothesis. As a preparation for attacking the conjectures, we newly introduce 
several key concepts for the infinitesimal method in §3. They often help us 
to remove the difficulty of higher obstructions for making the correspondence 
between subsheaves of the normal bundle and intermediate ambient varieties. 
In §4, we discuss arithmetic normality from two points of view. The first view 
point concerns our framework and strategy for studying geometric structures of 
projective embeddings. From the second point of view, namely that of Differ- 
ential Geometry, we explain a criterion for arithmetic normality in terms of the 
second fundamental form. Here we describe an outline of another proof for the 
criterion which is simplified by the tools in §3. This will show the power of our 
new tools. 

In this article, we consider only the objects defined over the complex number 
field C. In case of handling graded objects, we consider only homomorphisms 
of preserving their grading otherwise mentioned. For example, "minimal free 
resolution" always means "graded minimal free resolution". Sometimes we state 
our results by using a pair of varieties and a pair of their embeddings instead 
of using the term " subvarieties" . That is only to emphasize the fact that we 
can choose the embeddings suitably with fixing the pair of varieties in the real 
situation. 

The author deeply thanks to Prof.O.A.Laudal and Prof.S.J.Kwak for their 
warmful encouragement, to Prof.M. Hashimoto for showing me a nice fact, and 
to Prof.S.Tsuboi and Prof.C.Miyazaki for their heavy efforts of organizing sym- 
posia where one could have precious chances to meet the former two people. 
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§1 Working Hypothesis. 



In this section, we present a key concept for considering geometric structures 
of embeddings and show several problems, in particular our optimistic working 
hypothesis. We hope that this may also bring us an insight for studying the 
syzygies of projective subvarieties. 

Let us confirm our notation used in the sequel. 

Notation 1.1 Let us take a complex projective scheme X of dimension n and 
one of its embeddings j : X ^ P — P^(C). The sheaf of ideals defining j{X) in 
P and the conormal sheaf are denoted by Ix and N^^p — Ix / I'x i respectively. 
Taking a C-basis {Zq, . . . ,Ziq} of H*^ [P, O p {!)) . Then we put 

S := © i/"(F,Op(TO)) ^C[Zo,... ,Zjv] 

rn>0 

S+ = © il"(P,Op(TO))^(Zo,... ,ZAr)C[Zo,... ,Zjv] 

m>0 

Rx © H°{X,Ox{m)) 

rn>0 

Ix © H°{P,Ix{m)) 

m>0 

Rx := Im[S Rx] = S/Ix 
gsyz\{m) := Tor^ {Rx , S/ S+)(^^^, 

where the subscript (m) of Tor above means taking its degree m part as a graded 
S -module. Obviously, the space gsyz'^{m) represents minimal generators in 
degree m of the q-th syzygy of Rx as an S -module. 



As a preparation, we recall the following key concepts introduced in . 

Definition 1.2 (PG-shell and G-shell) Let V and W be closed subschemes 
of P = P^(C) which satisfy V C W (In this case, the subscheme W is called 
simply an intermediate ambient scheme of V ). If the natural map: 

: Tor^iRw, S/S+) ^ Tor^{Rv, S/S+) 

is injective for every q > 1, we say that W is a pregeometric shell (abv. PG- 
shell) ofV. Moreover, if W is a closed subvariety and the regular locus Reg{W) 
of W contains V , we say that W is a geometric shell (abv. G-shell) of V . For 
the subscheme V , P and V itself are called trivial PG-shell (or trivial G-shell). 

Now let us see several elementary facts relating with "PG-shell". 

Proposition 1.3 Let V and W be closed subschemes of P = P^(C) which 
satisfy V 'ZW . 



3 



(1.3.1) If W is a hypersurface, then W is a PG-shell of V if and only if the 
equation Hw of W is a member of minimal generators of the homoge- 
neous ideally of V . 

(1.3.2) Assume that the subscheme V is a complete intersection. Then the 
scheme W is a PG-shell ofV if and only if the subscheme W is defined 
by a part of minimal generators of ly ■ 

(1.3.3) Take a closed scheme Y such that V ^ Y <Z W. Assume that W is 
a PG-shell of V . Then W is also a PG-shell of Y . In particular, the 
subscheme W is also a PG-shell of the m-th infinitesimal neighborhood 

Y = (WW^)m ofV m W, where {V/W)^^) = [\V\,Ow / ly^^)- 

(1.3.4) Fix the subscheme V of codim(V, P) > 2. Then all non-trivial PG- 
shells ofV form non empty algebraic family of finite components (N.B. 
The family of all non-trivial G-shells ofV may be empty even ifV itself 
is a smooth variety). 

(1.3.5) If W is a PG-shell of V, then we have an inequality on their arith- 
metic depth: arith.depth(V) < arith.depth(W). In particular, if the 
natural restriction map H"{P,Op{m)) -> H°{V,Ov{m)) is surjective 
for all integers m (i.e. Ry = Ry): then the natural restriction map 
H'^{P,Op{m)) — > H'^ (W, Ow (iTi)) is also surjective for all integers m 

(i.e.Rw = Rw )■ 

(1.3.6) If the subscheme W is a PG-shell of the subscheme V with arith.depth{V) > 
2, then we have an inequality on their Castelnuovo-Mumford regularity: 
CMreg(y) > CMreg{W). 

(1.3.7) Assume that there exist r hypersurfaces Hi,...Hr in P which form 
Ow -regular sequence and satisfy V = W Ci HiCi . . .0 . If the restric- 
tion map H^{P, Op{m)) H'^{V, Oy{m)) is surjective for all integers 
m, then W is a PG-shell. 

(1.3.8) Assume that the subscheme V is non- degenerate, namely no hyperplane 
contains V. If W has a 2-linear resolution, i.e. the homogeneous co- 
ordinate ring Rw of W has a minimal S-free resolution of the form : 

0^ Rw ^ S ^ Fi{-2) ^ F2(-3) < <- Fp{-p - 1) < , where 

Fu(v) denotes ®S{v) : a direct sum of several copies of S with degree 

V shift, then W is a PG-shell of V . 



Proof. Directly from Definition 1.2, we see (1.3.1), (1.3. 2) and (1.3.3). To get 
(1.3.4), using the injectivity of Torf , we notice that any PG-shell of V is defined 
by a part of minimal generators of the ideal ly. Let us take a parametrizing 
space T of all the intermediate ambient schemes of V which are defined scheme- 
theoretically by parts of the minimal generators of the ideal ly. Obviously the 
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parametrizing space T is identified with a set-theoretic direct sum of Zariski 
open sets in several products of Grassmannian varieties. Through flattening 
stratifications including vertices of the affine cones of the members in the family, 
we get an algebraic family of intermediate ambient schemes of V with constant 
Betti numbers, whose parametrizing space is named T again. We may assume 
that every component in T includes a point for a PG-shell of V . This family 
includes all the PG-shells of V . Looking at an induced chain homomorphism 
of (relatively) minimal free resolutions of ly and of the family, we have only 
to extract the open sets of which corresponds to the "maximal" rank locus 
of every map in the chain homomorphism. For (1.3.6), use the Eisenbud-Goto 
criterion on Castelnuovo-Mumford regularity in ||]. Similarly (1.3.5) is obtained 
by applying the formula on depth and homological dimension. (1.3.7) is shown 
in On the claim (1.3.8), see Lemmal in from our point of view. | 



The next fact is kindly told me by Prof.M. Hashimoto with answering some 
questions relating the concept of G-shells. It may help us to construct G-shells 
in the real situation. 

Proposition 1.4 Let Y and Z he arithmetically Cohen- Macaulay projective 
suhschemes of P = P^(C). Assume that X = Y H Z is of codimension a + b, 
where a = codim(Y, P) and b = codim{Z, P). Then both Y and Z are PG-shells 
ofX. 

Proof. For Ry and Rz, take their minimal 5- free resolutions: F, Ry, 
G, — > Rz, whose length are a and b, respectively. If we can show that the 
complex F, G, is acyclic, then triviality of the complex (F, ® G,) ® (5/ S+) = 
(F, (8) 5/5*+) (8> (G, (X> S/S+) means that the complex F, ® G, is a minimal 5-free 
resolution of Rx = Ry 'X' Rz- Since the complexes F, and G, are naturally 
considered as subcomplexes and as direct summands of the complex F, G,, 
we see that the schemes Y and Z are PG-shells of X. The complex F, ® G, 
has the length a -\- b, which coincides with ht{ly -|~ Iz) — depth{ly -\- lz,S). 
To see the acyclicity of F, C>5 G,, we apply Buchsbaum-Eisenbud criterion for 
acyclicity on free complexes (cf. Q]). Thus we have only to show that for 
any prime ideal p G Spec{S) with depth{p) < a -I- 6, (F, (g) G,)p is acyclic. If 
ht{p) = depth{p) < a -\- b, then p 7^ % -I- I3, namely p 75 Ifg or p 7$ I3. For 
example, if p ^5 Itg , then (F,)p ^ is split exact and therefore (F, (E> G,)p is 
acyclic. I 

The following example shows that all the exceptional cases in the classical 
Petri's Analysis can be considered as the cases of G-shells appearing. 

Example 1.5 (Quadric hulls in Petri's Analysis) Let X = C be a non- 
hyperelliptic smooth projective curve of genus g > 4, and j = ^\Kc\ '■ C ^ P = 
P3^-'(C) its canonical embedding. Taking the quadric hull W of j{C), namely 
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the closed subscheme defined by all equations of j{C) with degree 2. Then, the 
quadric hull W coincides with j{C) itself or is a non-trivial G-shell of j{C). 



Proof. If g ~ 4, then the surface W may have a singular point but the em- 
bedded curve j{C) is a non-singular complete intersection of type (2, 3). Thus 
we may assume that g > 5. By classical Petri's Analysis (cf |17 , we 



see the exceptional cases explicitly, namely W is a Veronese surface in 
or a rational normal scroll. In both cases, W is a surface of minimal degree. 
Then apply (5.2)Lemma in (see also [||), we obtain that W has 2-linear 
resolutions, which implies that is a G-shell of j{C). | 



Problem 1.6 To make a foundation for studying PG-shells or G-shells, let us 
list several problems conjured up naturally in our mind. 

(1.6.1) For a non-hyperelliptic curve C of genus g = g{C) > 3 and its canonical 
embedding j — ^\Kc\ : C ^ P = P3~^(C), classify all the PG-shells of 
j{C) (cf Green Conjecture §, ||). 

(1.6.2) Describe the condition of "PG-shell" in terms of "generic initial ide- 
als". 

(1.6.3) Assume that a projective subscheme W is a PG-shell of a projective 
subvariety V C P — P^(C). Then the subscheme W is always reduced 
and irreducible ? (N.B. When the subscheme W is a hypersurface, this 
is true.) 

(1.6.4) Take smooth projective subvarieties V and W of positive dimension. 
Assume that the subvariety V is arithmetically normal. If W is a PG- 
shell ofV, then does the inequality on t^-genus (cf [^).- A(y, Op\v(X)) ^ 
A(W,Op\wii)) hold in general? (e.g. As a typical case, if the polar- 
ized manifold {V,Op\v{i)) is a member of a ladder of the polarized 
manifold {W,Op\w{i)), then W is a G-shell of V and this inequality 
is obviously true. On the other hand, if we assume that V is non- 
degenerate arithmetically Buchsbaum, and W is a hypersurface, then 
the result |^/ on special cases of Eisenbud- Goto conjecture shows that 
this claim is also true.) 

(1.6.5) Take a smooth projective subvariety V, a vector bundle E on V , a 
section a G T{V,E) which is transverse to the zero section, and its zero 
locus X — Z{a). Assume that V is a G-shell of X . Then is the bundle 
E always nef ? 

(1.6.6) Take a smooth projective subvariety V C P = P^(C) of dimension 
n > 5. Assume that V is not a hypersurface and has no non-trivial G- 
shell. Then codim,{V) >n/2? (Implied by Hartshorne's C.I. conjecture. 
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cf. II) Moreover, for any positive integer M and a linear embed- 
ding P = P^(C) C Q = P^+*^(C), if the subvariety V has no non- 
trivial G-shell except ( multiple ) projective cones, then does the Kodaira 
dimension of V satisfy the ineguality k{V) < ? 

Now we present our working hypothesis in the most optimistic version, which 
suggests the direction of our research aiming. 

Working Hypothesis 1.7 Let X he a connected complex projective manifold 
of dimension n > 0. Then there exists an embedding: j : X ^ P = P^(C), 
which satisfies the following conditions. 

(1.7.1) There is a set of G-shells {M^pj^^o ofj{X) which satisfy: j{X) = Wq C 
Wi (Z . . . C Wk C P and moreover Wp^i C Reg{Wp) for p — I, . . . ,k. 

(1.7.2) For each p ^ 1, . . . ,k, there is a "nef" vector bundles Ep on Wp and 
a section dp S T{Wp, Ep) such that the zero locus Z[ap) coinsides with 
Wp^i and rank(Ep) — dim(Wp) — dim{Wp^i). 

(1.7.3) The subvariety Wk has a birational morphism from a projective bundle 
over a homogeneous space (in the sense of including abelian varieties). 

The set S — {{Wp, Ep, ap)}p^i of j(X) and the integer k are called a geometric 
composition series of the embedding j or of the subvariety j (X) and the length of 
the geometric composition series S, respectively. For a given projective manifold 
X , if the embedding jo has a geometric composition series Sq whose length ko 
attains the minimum among the embeddings of X with geometric composition 
series, then we say that the geometric composition series Sg is a absolutely 
minimal geometric composition series of X . 

Remark 1.8 To avoid confusion or to clarify what is in the author's mind, one 
should describe several points. 

(1.8.1) For a vector bundle E on a projective variety V , we say that the bundle 
E is nef if the tautological line bundle Le = Op(£;)/y(l) is nef on the 
projective bundle P{E) — P(£') over V associated to the bundle E, 
namely for any curve C in P{E), the intersection number satisfies the 
inequality: {Le.C) > 0. 

(1.8.2) Frankly speaking, the author confess that we might have to weaken our 
working hypothesis to some extent in the real situation. For example, 
we might have to replace the conditions: (a) "PG-shells" instead of "G- 
shells" ; (b) "reflexive sheaves" in stead of "vector bundles" ; (c) "rather 
mild singular locus of Wp" instead of "Reg{Wp)" ; (d) "K{Wk) < 0" 
instead of "a homogeneous space. " 
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Proposition 1.9 Let X be a connected complex projective manifold of dimen- 
sion n > 2 and j : X '-^ P = P^(C) an embedding. Then the following four 
conditions are equivalent. 

(1.9.1) The subvariety j{X) is a complete intersection. 

(1.9.2) There is a set of intermediate ambient varieties {Wp}^J^" of j{X) 
which satisfies the conditions: {a)dim{Wp) = n+p ; (b) j{X) = Wq C 
WiC.C Wn-u = P ; (c) Wp-i C Reg{Wp) for p = 1, . . . , N - n. 

(1.9.3) The embedding j has a geometric composition series S — {(Wp, Ep, (Jp)}p 
of length N — n with rank(Ep) = 1. 

(1.9.4) The embedding j has a geometric composition series Sq = {(Wi, Ei, ai)} 
of length 1 which satisfies Wi — P and Ei = ®^~^"Op(ms). 

Proof. The essential part is to show the equivalence between (1.9.1) and (1.9.2). 
Assume that (1.9.2). Starting from Wn-u and using that each Wp is a Cartier 
divisor of Wp+i, we show inductively that each Wp is a complete intersection 
and Pic{Wp) = ZOwpi^) for p > 1 by virtue of Corollary 3.2 in Q, which 
is still valid in the singular cases. Thus we have (1.9.1). Contrary, now we 
assume (1.9.1). A little care is needed to apply Bertini's theorem and to see 
that Wp-i C Reg{Wp), which is rather a strong condition than X C Reg{Wp). 
Take hypersurfaces Di, . . . ,DrOi degree di, . . . ,dr, respectively such that r = 
N — n, j{X) — Z?i n . . . n Dr and di < ... < dr. Then consider the linear 
system A^ = H^{P, Ix{dr)) on P = Wr. Since Ix{dr) is generated by global 
sections, the base locus Bs{Ar) coincides with X. Also by Dr G A^ satisfying 
X C Reg{Dr)^ we find that general members are smooth. Then we put Wr-i 
to be a smooth member of A^. Obviously j{X) = Di n . . . n Dr-i n Wr-\. 
As an induction hypothesis, we may assume that we have smooth complete 
intersection subvarieties: IVfe, Wk+i, . . . , Wr = P such that dim{Wp) = n + p, 
j{X) = Di n . . . Ci Dp n Wp for p = k, . . . ,r. We may assume k > 2. Then we 
consider a subhnear system A^ := H^{Wk,Ix/Wk(.(^k)) C H'^{Wk,Owk{dk)) on 
the subvariety Wk. Since Ix/Wkid^k) is generated by the sections Di,. . . ,Dk, 
namely (£>!, . . . , Dk) : ©g^iOw^ {dk - dq) — > Ix/w^ (dk) is surjective, we have 
Bs(Ak) = X. By the same argument as above, we obtain a smooth member 
Wk-i G Afc. Then, using the arithmetic normality of Wk, it is easy to see that 
Wk-i is also a complete intersection and j{X) = £>i n . . . n Dk-i n Wk-i. | 



§2 Conjectures. 

In this section, we give some conjectures relating to Lefschetz operators. We 
expect that these conjectures give an approach to get our previous working 
hypothesis. 

First, let us recall the definition of Lefschetz operators (cf p^). 



8 



Definition 2.1 (Lefschetz operator) Let X be a complex projective scheme 
of dimension n>Q, j:X^P = P^(C) an embedding, E an Ox -coherent 
sheaf, and N^^p the conormal sheaf of j{X) in P, where Ix denotes the sheaf of 
ideals defining j (X) in P. By natural restriction: j* : H^{P, Qp) — > H^{X, ^\), 
we have a hyperplane class h = j* {ci{Op{l))) £ H^{X,Q,^), which induces a 
cohomological operator (depending on the embedding j): 

Lx ■■ HP{X,^\®E) HP+^X,n''+^ (E)E) 

For a section a G H°{X,E), if the class L^xi^) ^ HP{X,VL\ (g) E) is not zero 
and Vx^{a) is zero, then we say that the section a has the penetration order 
p and denote it by pent{a) ~ p. For an equation F e H^{P,Ix{m)) of j{X) 
with degree m, we define pent{F) — pent{[F]) by putting E = N^/pim), where 
[F] denotes the section of H'^{X, N'^^p{m)) induced by the natural restriction 

Ix^Ix/ll=N^xiP- 



We introduce meta-Lefschetz operators, which are difficult to control but 
give finer information than Lefschetz operators. 



Definition 2.2 (meta-Lefschetz operator [31|, |30|) Let X andW be com- 
plex projective schemes of dimension n > and of dimension N , respectively. 
Take an arbitrary line bundle Ow{^) on W and an embedding j : X ^ W. 
Assume that j{X) C Reg{W). Put N^/y^ — Ix /Ix be the conormal sheaf of 
j{X) in W , where Ix denotes the sheaf of ideals defining j{X) in W . Then we 
take the de Rham complex Q!^ of W : 



> Ow nl. nl. — ^ . . . n^. > 

and the ideal order filtration (cf. |l6| ) Fl!^l^: 

> — ^ Ix^^'^^w ■ ■ ■ 

Now we fix V and see Gr^^f^^) = FP/FP+^: 

/^+V/r'®f^^' n'wlx,., > 0, 



where -X^(y) = (|-^|, Ow / Ix^^) ■ Contrary to the fact that the exterior derivative 
d is not Ow -iinear, the map di is Ow -linear and compatible with tensoring by 
Owim). Thus we have: 
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and 



Next we consider a natural exact sequence (LFT): 

> r+'/F+^®nW > f^^vFMIx(.+., > f^^MU,., > 0, 

which induces an obstruction map: 
Then we can define a map: 

which is called the i^-th meta-Lefschetz operator with respect to the embedding 
j : X ^ W. In case that W = P = P-'^(C) and Op{l) is the tautological ample 
line bundle, the symbol Lxjw abbreviated to L^-* . Moreover, if v = 0, we 
denote it by Lx instead of l'^^ and call it simply meta-Lefschetz operator if 
there is no danger of confusion. For the meta-Lefschetz operator Lx, we set 

g^z\{m) := Im[Lx : H\X,Nl/^{m) ® 9,"^^) H\X,Nl/^{m) f^^)] 

Fundamental properties on meta-Lefschetz operator are given as follows. 

Theorem 2.3 ([ ^o| ) Let X be a complex projective variety of dimension n, 
j : X ^ P = P^(C) an embedding, N^^p = Ix/Ix conormal sheaf of 
j{X) in P, where Ix denotes the sheaf of ideals defining j{X) in P. Take the 
meta-Lefschetz operator Lx with respect to the embedding. Then the following 
properties hold. 

(2.3.1) The meta-Lefschetz operator has naturality. In other words, for any 
closed subscheme Y, the diagram: 

HP{X,N^j,fp{m)®nl) HP+\X,N^x^p{m)®nf^) 

natural^ ^natural 

HP{Y,N^^p{m)(E,n'^p) —3—^ HP+\Y,N^^p{m)(E,n'j+^) 

Ly 

is commutative. 
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(2.3.2) 



The diagram: 



HPiX,N)^/p{m)(S^n%) HP+\X,N)^^p{m)^n''+^) 



natural 



natural 



' —ra-Lx 

is commutative, where Lx denotes the Lefschetz operator. 

(2.3.3) Assume that j{X) has arithmetic depth > 2, which includes the case 
that X is a normal projective variety of dimension n > and the embed- 
ding is arithmetically normal, namely H^{P, Op{m)) — > H^{X, Oxim)) 
is surjective for all integers m. Then there is a natural one to one cor- 
respondence 7*(m) : gsyz'^(m) — > gstfz''^{rn) as vector spaces. Here 
the space gsyz^'x {in) represents minimal generators in degree m of the 
q-th syzygy of Rx ■ 

(2.3.4) For an integer k satisfying n — 1 > fc > 1, assume that the pro- 
jective subvariety j{X) has arithmetic depth k -\- 2, or equivalently 
H''{X,Ox{u)) = for u € Z, k > s > 1, and H°{P,Op{m)) 
H^{X, Ox{Tn)) is surjective for all integers m. Then the k-uple of the 
meta- Lefschetz operator: 

{Lx)'' : H\X,N^/p{m)C=^n''p) ^ H''+\X,N^/p{m) ®n''p+'') 

is injective on the subspace gsyz'^^{m) for all integers m. Moreover, the 
map Ti : H''+^{X, N^/p{m) ® ^ H''+\X, ® Ox{m)) is 

injective on the subspace {Lx)''{gsifz'^^{m)). 



Returning to Lefschetz operators and make a preparation for defining Lef- 
schetz chains and dual Lefschetz chain which play key roles in our conjectures. 

Now we take the canonical map 7^(rn) : gsyz\{m) ^gsyz\^{m) in the 
Theorem ^. 3| above for q = 1 and consider the commutative diagram: 
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EZtH°{Ix{m-l)) 



gsyz\^{m) 







natural 



H\Nl{m)) 



gsyzxim) 







Inclusion 



natural 



H\N^{m)^n],\x) 



where the first and the second rows are exact. Then we put: 



Jp{m) = Ker[H'^{Ix{m)) H'^{N^{m)) ^ HP+\N^{m) 0^+^)]. 



From a chain of C-vector spaces: 

J_i(m) := /m[EZiFO(/x(m-l))] C Jo(m) C Ji(m) C • • • C J„_i(m) C J„(m) = H\lx{m)), 

we chose a finite subset {Fi^s,mi ■ ■ ■ i -Pfc(s),s,m} from Js{m) which forms a C-basis 
of Js{m)/ Js-i{m) and define closed subschemes Wp C P and C P by the 
equations {Fi^s,m, ■ ■ ■ , Fk(s)^a^rn\^ < s <p, me No} and by • • • , Fk{s)^s,m\n > 

s >p, me No}, respectively for p = 0, • • • , n. 

Definition 2.4 (Lefschetz chain and dual Lefschetz chain) Under the cir- 
cumstances, we obtain two chains of closed subschemes P. The one is : 



and is named a dual Lefschetz chain of j{X). 

Before claim our conjectures, we present fundamental properties of Lefschetz 
chains and dual Lefschetz chains. 

Theorem 2.5 Let X be a complex projective manifold of dimension n > 0, 
j : X ^ P = P'^(C) an arithmetically normal embedding. Take a Lefschetz 
chain and a dual Lefschetz chain of j{X) as above and fix them. The following 
properties holds. 



j{X) = W„ C Wn-l C . . . C Wo C P 
and is called a Lefschetz chain of j{X). The other one is : 



j{X) = Wo* C Wi* C . . . C W* C P, 
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(2.5.1) The submanifold j{X) is a complete intersection if and only if the Lef- 
schetz chain is of the form : 

jiX) = W„ c W„_i = . . . = VKo = p. 

The similar equivalence holds on the dual Lefschetz chain by replacing 
the form: 

j{x) = vFo* = M^r = • • ■ = w: c p. 

(2.5.2) Put 3 = dim{Im[L'}^ : ®^H°{N)^{m)) ®„i/"(Afj^(m)(8l7^)]), then 
for the Lefschetz chain, the exact sequence: 

> Im{N^^ Jx) > > ^V.-i ' 

always splits and -^^/w i ~ ®'^Ox{—mi). Similarly for the dual Lef- 
schetz chain, the exact sequence: 

always splits and N^,\x = (B^Oxi—rni). 

(2.5.3) Assume that the Standard Conjecture holds on the projective manifold 
X. For the Lefschetz chain, if Wp ^ Wp^i, then there is an integer m 
and a p- cycle ^ such that hP-^>0 and ^■Cr{N)^{m)) =„um.eq. 0, where 
h = ci(Ox(l))- Also for the dual Lefschetz chain, if W* ^ W^p+u 
exactly the same holds. 

Outline of Proof. For (2.5.1) and (2.5.2), we have only to apply Serre duality. 
The claim (2.5.3) is obtained by using the result of |Q with a slight modifica- 
tion. To remove the condition "transverse to the zero section", we use Hironaka 
resolution for making the divisor normal crossing and study localized top Chern 
class instead of the zero locus of the section. ■ 



Now we can describe our main conjectures as follows. 

Conjecture 2.6 Let X be a complex projective manifold of dimension n > 0, 
j : X '-^ P = P^(C) an arithmetically normal embedding. Take a Lefschetz 
chain {Wp}p^Q and a dual Lefschetz chain {Wp}p^Q suitably. Then we expect 
the following properties hold by the suitable choice of the chains. 
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(2.6.1) Each Wp and W; are PG-shell of j{X). 

(2.6.2) Each Wp and W* are reduced along j{X). 

(2.6.3) Each Wp and W* are irreducible. 

(2.6.4) Each restricted conormal sheaf Jx is a vector bundle on X 
and is extendable to Wp_i as a vector bundle. Similarly, each restricted 
conormal sheaf N^,^yy, \x is a vector bundle and is extendable to 
Wpj^i as a vector bundle. 

(2.6.5) Fix the manifold X of dimension n > 2. Choose suitably the embed- 
ding j , Lefschetz chain {Wp}p^Q, and a dual Lefschetz chain {Wj^j^^Q. 
Then a refinement of the Lefschetz chain or of the dual Lefschetz chain 
realizes the Working Hypothesis (cf. Theorem 2.10). 



Proposition 2.7 Let X be a connected complex projective manifold of dimen- 
sion n > 2 and j : X ^ P — P^(C) an arithmetically normal embedding. As- 
sume that j(X) is non- degenerate, namely no hyperplane in P contains j{X). 
For an equation F e H^{P, Ix{m)) of j{X) which is an element of minimal 
generators of the ideallx, take the class [F] G H'^{X, N)^^p{m)) induced by the 
equation F. Then we have: 

(2.7.1) //m = 2, then the class {Lx)^{[F]) G H^{X,N^^p{2) ® Qj,) is not 
zero. More generally, take a non- zero class r G gsifz\{q +1) C 
H^{X,N'^lp{q+l)®Viy) which naturally corresponds to an element of 
minimal generators of q-th syzygy module of Rx in degree q-\-l, then 
Lx{t) G H^{X, N^^p{q + 1) (g) 17|+^) is not zero. 

(2.7.2) Lfm^3 and the class {Lx)^{[F]) G H^{X,N^^p{3) (E) Ql) is zero, 
then q{X) ^ h\Ox) > 0. 



Proof. Apply Theorem 2.8 below 



Theorem 2.8 (cf. |30|) Let X and W be complex projective schemes of di- 
mension n > and of dimension N , respectively. Take an embedding j : X ^ 
W and assume that j{X) C Reg{W). 

For a non-zero integer m, the k-multiple of v-th meta- Lefschetz operator 

{L^^j^)'' : i/'^(X,/^+V/^+2(™) ® f^t^) H^+\X,I^+'/I'^+^{m) ® n'^'^) 

is decomposed into {L^xjw^'^ ~ ^ ' ^'lft ° (Lw)'^^^ ° dj, where c is a non-zero 
integer. 
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Similarly, the k-multiple of Lefschetz operator 

is decomposed into (Lvi^)'^ — c' ■ dj o {L^xjw'^''^^ ° ^^lft> where c' is a non-zero 
integer. 



Remark 2.9 Proposition 2/1 shows that the meta- Lefschetz operator has re- 
ally finer information on the syzygies of the coordinate ring than the Lefschetz 
operator does. For example, take X = P"(C) (n > 2), an embedding j=i'-th 
Veronesean embedding (v >i) and any equation F of j{X) in degree 2, then it 

q^p{2)®nj,) 



is easy to see that {Lx)'^{[F]) e H'^{X, N^,p{2) ® nj.) is zero. 



We expect that the following theorem brings us a new idea for necessary 
refinements of Lefschetz chains and dual Lefschetz chains and helps us to solve 
our previous conjectures. 



Theorem 2.10 (cf. |30|) Let X and W be complex projective manifolds of 



dimension n > 1 and of dimension N , respectively. Take an embedding j 
X ^ W. Consider the exact sequence: ^x/w ~^ ^w\x ^ ^x ~^ 
0, which induces a canonical decreasing filtration F' : i^yylx = F^ D F^ D 
... D F;i D F^+^ = {0} such that FP/FP+^ fl'^^^ ® APN^^^. A natural 

decreasing filtration on H^ '^{m) — H^{X,I'^^ / I'^'^irn) ® is induced by 
putting FPH^-^m) ^ Im[H''{X,I^'^^ /I^'^^im) ® if) ^ i?*'^(m)]. Then the 
v-th meta- Lefschetz operator L^-^j^ with respect to the embedding j : X ^ W 

keeps the filtration, namely LP^^{FPH*''{m)) C FPif*+i'"+i(m). 



§3 Infinitesimal Methods. 

In this section, we introduce our simple tools which consist of two key con- 
cepts. These are mysteriously powerful for controlling higher obstructions ap- 
pearing in the study of infinitesimal neighborhoods. These are important to 
consider the correspondence between subbundles of the normal bundle and in- 
termediate ambient varieties. 

Definition 3.1 (Differential Splitting) On a complex algebraic scheme W, 
we consider an Ow-Hnear exact sequence of Ow -coherent sheaves: 

> G — F — ^ E > 0. 

We say that this sequence splits differentially of order < pi if there exists a 
(holomorphic C-linear) differential operator : E F of order < fi such that 
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/3oV/5 — Ids, namely, the operator V/j gives a splitting in the category of abelian 
sheaves. It is easy to see that this condition is equivalent to the condition that 
the existence of two differential operators Vq : F ^ G and V/5 : E ^ F of order 
< fj, which satisfy : /3 o V/3 = Me ; Vq oa = Ida ; and a o Vq + o (3 = Idp- 
When the scheme W is smooth and the sheaf E is of locally free, the condition 
of splitting differentially of some order is equivalent to the condition in terms 
of -modules that the sequence: 

> G®Vw — F®Vw ^ ' E®Vw > 0, 

splits in the category of right "Dw -modules, where 2?vF denotes the sheaf of holo- 
morphic linear differential operators on W . 

As showed in |^ , there are many examples where differential splittings are 
observed. One of the typical examples is given as follows. 

Example 3.2 Let V be a complex algebraic scheme, E a vector bundle on V , 
f : G — Grass{E,r) — > V the Grassmann bundle which parameterizes quotient 
r-bundles of E. Consider the universal sequence on G: 

> S °^ > f*E > Q > 0. 

Then this universal sequence splits differentially of order — \ ( Obviously it never 
splits OQ-linearly). 



Definition 3.3 {H^-G.Ti.C) Let W be a noetherian scheme, X a closed sub- 
scheme ofW which is defined by a sheaf of ideals Ix, E a coherent Ow -module. 

(3.3.1) For each non-negative integer fi, we set the fi-th infinitesimal neigh- 
borhood X(^^) of X in W to be {\X\,Ow/Ix^^) and the restricted sheaf 
E(fj.) of E to ^(^i) to be E/I^^E as usual. Let v be a non-negative 
integer. We say that the i?^ -global lifting criterion of the coherent 
sheaf E holds at the (infinitesimal) lifting level A along (X(i.), X) if the 
equality: 

Im[HP{W,E)^HP{X(^,),E(,))] 

= Im[HP{X^,+^),Et^,+^^) ^ fff(X(,),i?(,))] 

holds in the space of HP{X(^^j, E(^,^-^). This condition is abbreviated as 
"HP-G.L.C. of E holds at level A along (X(^),X)". 



16 



(3.3.2) It is called that the H^-global lifting criterion of the coherent sheaf E 
holds uniformly at the (infinitesimal) lifting level A along X if for any 
positive integer v, H^-G.L.C. of E holds at level A along 
This condition is also abbreviated as "H^-G.L.C. of E holds uniformly 
at lifting level A along X ". 

Let us show one of the results in as the simplest example for showing 
the powerfulness of our previous two key concepts. 

Theorem 3.4 (Quotient Type) Let W be a complex algebraic scheme. For 
an exact sequence of Ow-coherent sheaves: 

connected by Ow -linear homomorphisms a and (3, assume that this sequence 
splits differentially of order A. // the H^-lifting criterion on the sheaf F holds 
at the level along (X(^),X), then the -lifting criterion on the sheaf E holds 
at the level A + ^ along (X(^), X). 

Proof. It is enough to show that for any class 4> G i?P(X(^'), i?(j,)) which is an 
image of a class of H'P{Xi^yj^.\), E(^i,^x)), the class cj) can be lifted to HP(W, E). 

Let us consider six natural OvF-linear homomorphisms: e : _B — > -^'(i^)? c : 
E(\+f_i+i,) £'(,/), r : E ^ i?(A+^+i.), f : F ^ Ff^), / : ^ -^(y), and 

s : F ^ ' ''^t'ich satisfy e — e o r and f — f ° s. Since the differential 

operator V : £' ^ is of C-linear and of order A, it induces a homomorphism 
of abelian sheaves V : E(^x+^l+y) ~^ P{p+v) which satisfies s o V = V o r. Then, 
using carefully the commutativities of the maps already checked, we see that: 

/3o/oVor = /3o/osoV = /3o/oV = eo/3oV = eo IdE — eor, 

where [3 : F(^^^ — > E(^^-^ denotes the natural Ov^-hnear homomorphism induced by 
p : F —>■ E. Considering all the homomorphisms given above as the homomor- 
phisms in the category of abelian sheaves, the surjectivity of the homomorphism 
r (at each stalk) implies that: 

;5o7o V = e. 

Now, by assumption, we can take a class G HP{X(^x+ti+u): E(^x+n+v)) whose 
image by the map e coincides with the given class 4> of i^^(X(^^), _B(j^)). Then, 
taking of the sheaves introduced in the above, we have the following (a 
partially non-commutative) diagram: 
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W\F) 



W\E) 



By the assumption that _ff^-G.L.C. of the sheaf F holds at the level along 
the class / o V(i/'), which is the image of V{ip) £ by the 

map /, can be lifted to a class a £ HP{W, F), namely /(cr) = f o V{ip). Then, 
putting -0 to be /3(cr), we see that: 

e(0) = e o /3(a) = ^ o /(a) = ^(7 o V(^)) = e(V^) = </), 
which is the desired conclusion. ■ 



Corollary 3.5 Let V C P = P^(C) be a closed subscheme and m > mo 
non-negative integers. Assume that the restriction map H'^ (P, O p (mo)) — > 
H°{V,Ov{mo)) is surjective. Then H^-G.L.C. ofOp{m) holds at level m — mo 
along (V(o)j^)- -^'^ other words, any section a S H°(y,Ov{m)) can be lifted to 
H^{P, Op(ra)) if and only if the section can be lifted to H'^{V(m-ma)j ^V(m-mg} (™))- 

Proof. By the assumption, _ff°-G.L.C. of Op(mo) holds at level along (V(o), V). 
We use induction on m by starting from the casern = mo- Take a positive in- 



teger m > mo- We have only to apply Theorem |3.4| to the Euler sequence: 



> n],{m) > ®Op{m-l) > Op{m) > 0, 

which splits differentially of order 1 for positive integer m. (N.B. In case of 
m = 0, this sequence never splits even in the sense of differential splitting.) | 
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Corollary 3.6 Let V C P = P^(C) be a closed subvanety. Then H°-G.L.C. 
of the tangent bundle Qp holds at level 2 along (V(o), V). In other words, any 
section a £ H^{V,Qp\v) can be lifted to H'^{P,Qp) if and only if the section 
can be lifted to iJ"(V(2), ^p|v(2))• 
Proof. By the assumption, iJ^-G.L.C. of Op holds at level along (V(o),T^)- 
Then Corollary 3.5 shows that /J°-G.L.C. of Op(l) holds at level 1 along 
{V(^Q'f,V). Applying Theorem 3.4 to the Euler sequence of the tangent bundle: 







Of 



eOp(i) 



0, 



which splits differentially of order 1, we obtain the result. 



§4 Arithmetic Normality. 

In this section, we discuss arithmetic normality from the two points of view. 
The first one is a viewpoint for clarifying our framework and strategy of study- 
ing the geometric structures of projective embeddings. The second one is a 
viewpoint from Differential Geometry, which presents a criterion for arithmetic 
normality in terms of Differential Geometry. 

For the first viewpoint, let us review weighted objects such as "weighted 
projections", which relates to "arithmetic normality" as a usual "projection" 
does to " linear normality" . 

Definition 4.1 (Weighted Projection) For N+L+l-variables with weighted 
degree wt.deg{Zp) — Sp > 1 (p = 0, . . . , N) ; wt.deg{Wq) = Wq {q = 1, . . . , L), 
take a weighted polynomial ring T ~ C[Zo, . . . , Z^r, . . . , WiJ\ and its poly- 
nomial subring S = C[Zo, . . . ,^a']. By applying "Prof operation, we get a 
rational map between the weighted projective spaces: 

Proj(T) = P(so, ... ,SN,wi,... ,wl) Proj{S) = P(so, . . . ,sn), 

which is called a weighted projection along the center Z — {Wi = . . . — Wl = 
0}. 

Definition 4.2 (Weighted Linear Degeneration) Consider a weighted poly- 
nomial ring S = C[Zq, . . . , Zn] with wt.deg{Zp) — Sp and a closed subscheme 
X C Proj{S) = P(so, . . . , Sat) — P. If there is a weighted linear homogeneous 
polynomial F E S , which is degree 1 without weight in at least one variable, 
e.g. F = Zq + Fi(Zi, . . . Zj^), and if X is a closed subscheme of the subscheme 
Proj{S/{F)) C P, then we say that the subscheme X degenerates weighted lin- 
early. (In this case, the subscheme X can be isomorphically projected through a 
suitable weighted projection.) 
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Lemma 4.3 Let X he a complex projective scheme of dimension n > and 
j : X ^ P = P-'^(C) = P(l, ... ,1) an embedding to a projective N -space (in a 
usual sense). Then there is a weighted projective space : Q = P(l^~'""'^, wi, . . . jWl) 
and an embedding : J : X Q which make the commutative diagram: 

Q 

'. 

T 

X — P 

3 

and satisfy the surjectivity on the natural map: H'^{Q, OQ{m)) H'^{X, Ox{m)) 
for every non-negative integers m. 

Since several people asked me a proof for this lemma, it may be a little worth 
writing down its proof here. 

Proof. The idea is very simple and is only to add enough variables with suitable 
weighted degree. The argument goes as follows. Let us put the vector space V to 
be Im[H°{P, Op{l)) H°{X, Ox(l))] and the section at eV to be the image 
of Zt e H°{P,Op{l)) for i = 0,1,... ,7V, where N = dim{H^{P,Op{l))) - 1 
and {Zj^o form a C-basis of H°{P,Op{l)). Since the line bundle Oxil) = 
j*Op{l) is ample, there are only finitely many positive integers m such 
that dimCoker[V (g) H°{X,Ox{m - 1)) ^ H"{X,Oxim))] = Cm 0. Set 

. . . ,m(u)} = {m e N\cm ^ 0} and L = c,„(i) + c„i(2) + • • • + c„(„), 
where 1 < m(l) < • • • < m{u). Now we take the sections ri, . . . ,tl such that 
Tc„(jj+...+c„(^_jj+i, • • • ,Tc^(i)+---+c„(,) G ll^{X,Ox{m[s))) induce the C-basis 
of Coker\y ®ii^{X,Ox{m{s) - 1)) ^ H^{X,Ox{m{s)))\ for s = 1, . . . , u. 
Take variables Wfc with deg'(Wfc) = Wk corresponding to the section G 

Ox(w'fr)) for fc = 1, . . . ,L, namely Wfc = m(s) if c,„(i)H l-c„(s-i) + l < 

k < Cto(i) + • • • + Cto(s)- Now we have two essentially surjective ring homomor- 
phisms : T = C[Zq, .^Zn,Wu ■ ■ ■ ,Wl] ^ = ®mH°{X,Ox{m)) and 
S = C[Zo, . . . , Zn] ^ Rx = ®,nH^{X, Ox{m)) by sending Zt to a* and Wk to 
Tfe, which make a commutative diagram: 

T 

inclusion 

Rx S. 

Taking their "Proj", we obtain the result. (N.B. For simplicity, we constructed 
the ring T rather roughly and it may have dispensable variables.) | 
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Here we would like to make a discussion on a framework and a strategy for 
our research. Generally the weighted projective space Q has singularities and 
the sheaf OQ{m) is not a line bundle but only a reflexive sheaf. On the other 



hand, Lemma 4.3 above shows that any projective embedding is a composition 
of a weighted projection and an embedding into a weighted projective space 
which is very similar to an arithmetically normal embedding. 

Hence, to study the geometric structures of projective embedding, we can 
divide the problem into the three problem: (a) investigate the arithmetically 
normal embeddings ; (b) generalize the results of (a) into the case of weighted 
projective spaces (e.g. Working Hypothesis in weighted version); (c) study 
the effects of weighted projections on the intermediate ambient varieties and on 
weighted G-shells ("weighted G-shell" is similarly defined by using Tor'^{~, T/T+) 
instead of Tor^{-, S/ S+)). 

Relating to the problem (c) above, we should notice the fact that even if 
we have a good intermediate ambient variety W with j(X) C W G the 
variety W may collapse by the weighted projection but the variety X itself is 
projected isomorphically. Thus we believe that the arithmetic normality is a 
natural condition as the fundamental assumption for our research in the first 
step, because we can ignore the difficulty arising from weighted projections. 

The arithmetic normality is equivalent to iJ°-G.L.C. of Op{m) holding at 
level along (X(o), X) for every positive integer m as we used it in the proof of 
Corollary Since the bundle Op{m) is a building block for coherent sheaves, 
the assumption of arithmetic normality makes the higher obstruction control 
much more easier than without it. We might be going a bit too far, but the 
difficulty of higher obstruction can be sometimes explained by relating with 
weighted projections. 

Now we proceed to the second viewpoint on arithmetic normality, namely 
that from Differential Geometry. Let us recall the concepts of complex differ- 
ential geometry. Take a connected complex projective submanifold X Q P = 
P^(C) of dimension n > 0. By inducing a metric on X from the Fubini-Study 
metric on P, we consider X to be a Kahler manifold. Consider the exact se- 
quence of vector bundles with induced Hermitian metrics : 

> N^^p y n},\x > ' 0- 

Then we have Hermitian connections V : ^''(fiplx) ^ -^^(^plx) and Vq : 
A°{N^) y^H^x)' which induce a C°°-scctionv4 = Vl^v-Vo E A^^'°'> {Hom{N^,n]^)) 
of (l,0)-form with values in Hom{N^, ^x). Instead of N^, considering to 
be a C°°-subbundle of ^lp\x by using the Hermitian metric, we have a C°°- 
section B e A^°^'^'>iHom{n]^,N)^)) of (O,l)-form with values in Hom{n]^,N^). 

The following properties are well-known (cf. g,§,|l|,@). 
Proposition 4.4 (Second Fundamental Forms) Under the circumstances, 
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(4.4.1) B is an adjoint of ^A. In other words, for ^ G A'^{N^) and rj € 
A'^{flx), the equality h{A^,r]) + h{^,Brj) — holds, where , — ) 
denotes the Hermitian metric on ilp\x- 

(4.4.2) Since B is d-closed, it defines a class [B] e H^iX,ex ®N)^), which 
coincides with the infinitesimal ring extension class of 

> N)^ > Op/Px ' Ox > 0. 

The class aii{X) = [B] is called the second fundamental form of type 
(0,1) /or X. 

(4.4.3) A e H^{Sym'^{^\r) N^). This class A is called the holomorphic 
second fundamental form of X and coincides with the differential of the 
Gauss map induced by the embedding. Also a linear system is defined 
by considering it at general point of X ([p|, JTst). 

Now we take a smooth irreducible divisor D on X. Then we have an exact 
sequence : 

> Od > Ox\d > Nd/x > 0, 

and a natural induced homomorphism : ro : H^{X, Qx ® Nx) H^{Njj/x ® 
N^x\d)- 

Using these notation, we can describe a criterion for arithmetic normality, 
which was first obtained in l32| by applying the view point of weighted projec- 
tion. Here we explain an outline of another proof simplified by using the tools 
introduced in §3. 

Theorem 4.5 (Hoobler-Speiser-Usa) Let X C P = P^(C) be a connected 
complex projective submanifold of dimension n > 2. Assume that q{X) = 
h^iOx) = 0. Then the following two conditions are equivalent. 

(4.5.1) X is arithmetically normal. 

(4.5.2) For any positive integer m and any generic smooth member D £ \Ox{m)\, 
rD{aii{X)) = 0. 

Outline of Proof. Showing arithmetic normality is the essential part. We apply 
induction on m. Take a section tjj £ H'^(X, Oxim)) defining the divisor D. It 
is enough to see that the section td lifts to H^{P,Op{m)). The assumption : 
q{X) — and n > 2 shows H^{Nx) = through an easy application of Hodge 
Theory. By a direct computation on the exact sequence: 
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= HHN^) 



H\N)^\Dim)), 



we see that the class r£i(cr//(X)) G H^{N)^\£i{m)) coincides with S£)((5^j,-p('''D ))• 
The assumption rD{cii{X)) = imphcs that the obstruction class: 5j^prp{Ti:,) g 

{X, N'^ (w)) vanishes, whic h means that the section td lifts to , Ox^^^ {r 

Then we apply Corollary 3.5 to get the result. | 
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